Simultaneous additive congruences of different
degrees to a large prime modulus

Michael P. Knapp, Bruno de Paula Miranda, Paulo H. A. Rodrigues

Dedicated to Trevor Wooley on the occasion of his 60th birthday.

Abstract

Let p be a prime number. For positive integers ky > --- > kg, de-
fine the number I'} (K1, ..., kg) to be the smallest number s of variables
such that any system of equations of the form

anyi + - +arhi =0 (1<i<R)

with coefficients in the p-adic field @, has a nontrivial solution. In this
article, we find upper bounds for I‘;(kl, ..., kg) under the assumption
that p > k{. In particular, we show that under this condition, we have
F;(k‘l, kz) < 2k1+6ko+1 and F;(kl, ko, k‘g) < 2k1+14ko+15k3+1. We
also prove a general bound that applies for any number of equations.

1 Introduction

In this article, we study p-adic zeros of a system of diagonal polynomials
of different degrees when p is large compared to those degrees. Specifically,
consider the system

Fl(X) = allxlfl + -+ als.fE];l = 0
(1)

Fr(x) = amat™® +-- +apar? = 0,

where k; > --- > kp and the coefficients are integers of a p-adic field Q,.
We examine the p-adic solubility of this system when p is a prime such that



p > ki. It is well-known that, given the prime p and the degrees of the
polynomials, there is a number I';(k1, ..., kgr) such that if the number s of
variables is at least F;(kl, ..., kg), then the system must have nontrivial p-
adic solutions, regardless of the coefficients. This is true even when some or
all of the polynomials have the same degrees. In fact, it is even known that
if we define

T*(ky,. .., kg) = max I%(ky,.. .. kg),

p prime p

then I'*(kq,...,kg) is defined for all sets of degrees. Therefore, given the
degrees, there is a single number of variables that will suffice to guarantee
solubility for all primes.

A conjecture commonly attributed to Emil Artin (see the introduction to
[3]) states that for any degrees ki, ..., kg, we should have I'*(ky, ..., kg) <
k? +---+ k% + 1. For a single polynomial, this was proved by Davenport
& Lewis [5] in the first paper of their pioneering work on Artin’s conjecture.
For larger systems, most work has focused on the case where the degrees
of the polynomials are all equal. In this setting, Knapp [10] has shown
that T*(k,k,... k) < 4R?k* where R is the number of equations. This is
currently the best bound that holds for all values of R and k. When the
degrees are different, Artin’s conjecture is known to fail (see any of [1} 14} [14],
which were published independently and at about the same time), even for
systems of only two polynomials (see [19]). In this case, the best known
result that holds for any set of degrees is the bound

due to Leep & Schmidt, which follows trivially from [13, Equation (2.11)].

It transpires that the worst obstructions to solving occur at relatively
small primes, and that if the prime p is assumed to be large, then significantly
fewer variables are required to guarantee solubility. For a single equation,
Dodson [0, Lemma 2.4.1] has shown that if p > k%, then I'j(k) < 2k + 1.
Again, the majority of work on systems for large primes has focused on the
situation where the polynomials all have the same degree. In this direction,
Meir [I6] has shown that I'5(k, k) < 4k 4 1 whenever p > 3k*, and Atkinson,
Briidern, & Cook [2] have shown that for any number R of equations, we
have I'y(k, k, ..., k) < 2Rk + 1 whenever p > E2E+2 All of these results are
best possible in the sense that the upper bound on the number of variables
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cannot be reduced. In a somewhat different direction, Godinho & Rodrigues
[8] have shown that if p satisfies the condition that every congruence of the
form a; ¥ + axay + azrk = b (mod p) with ajazaz #Z 0 (mod p) has a solu-
tion with x93 # 0 (mod p), then we have T*(k, k,... k) <2.3%8°1. L+ 1.
While this upper bound is worse than the others discussed, the condition on
p may well be satisfied for primes smaller than are allowed in these other
results.

For systems of equations of different degrees, little is known. Wooley
[18] has shown that I'(ki, k2) < 2(k1 + k) + 1 whenever p > k{k3 (recall
that ky > ko), with better bounds when ko = 1. Like the results for equal
degrees above, Wooley’s result is best possible in the sense that the upper
bound cannot be reduced. Moreover, he conjectured in [I8] that we have
Io(ky, ... kg) < 2(k1 + - + kg) + 1 whenever p > kf(ks---kg)?, again
with a slightly modified bound when kg = 1. Knapp [I1] has shown that if
p > ky — kr + 1, then we have

T (k1, ... kg) < gR (E;k:) +(R-1) (21{) +R.

While this is a much worse upper bound, it applies even for some primes
smaller than the largest degree in the system. Knapp has also [12] given a
bound for I';(ky, ..., kg) in the situation where some of the polynomials may
have the same degree, while others have different degrees.

In this article, we prove some results about equations of different degrees
which fall somewhere between those of Wooley and Knapp mentioned above.
While we see that our bounds are worse than those of Wooley, we only assume
in our results that p > kf. We note that unlike Knapp’s bound mentioned
above, our current bounds are linear in the degrees of the polynomials. Our
first two results give bounds for R = 2 and R = 3 equations.

Theorem 1. Suppose that k,n are positive integers with k > n. If p > k*,
then we have
[ (k,n) <2k +6n+ 1.



Theorem 2. Suppose that ki, ko, k3 are positive integers with ki > ko > k3.
If p > ki, then we have

D% (i, ko, ks) < 21 + 14k + 15k + 1.

Our final theorem gives a general bound that holds for any number R > 4
of equations.

Theorem 3. Suppose that k1, ko, ..., kg are positive integers with ki > ko >
- > kg. If p> ki, then we have

R—
% (ki ko, ..., kg Z B D) ki + (R+1)- 377 — 1) kp_y
=1

+ ((R+14)-3™% = 1) kp_y + (R+30) - 3"° = 1) kp + 1.

We note that the bound in Theorem [3|is of lower quality than the bounds
in Theorem [I] and Theorem [2} In our first two theorems, we work to prove
the best bound that we can, while for the final theorem we prioritize finding
a relatively simple argument that can be used regardless of the number of
equations in the system.

As with most theorems about solving p-adic equations, the main goal in
our proofs is to find a nonsingular solution of a system of associated congru-
ences, which then lifts to a solution of the p-adic system by Hensel’s lemma.
The primary methods we use to solve the congruences are contractions and
exponential sums. Contractions, which will be more fully explained in Sec-
tion [2] essentially allow us to combine several variables into a single new
variable in a way that yields desirable properties. For example, if we are able
to use the variables x1, xs, x3 to solve the congruence of degree ki, then we
can “contract” them into a new variable T" whose coefficient in the degree
k1 congruence is 0. Thus, any value of T yields a solution of the degree
ky congruence when traced back to the x-variables. Exponential sums are
also a common tool used in solving congruences, especially for large primes.
They have been used to prove good results about the number of solutions of
congruences, and we make great use of these results in our proofs.

This article is structured as follows. In Section [2] and Section [3 we
give the preliminary lemmas that we will use in the proofs of the theorems.



Section [2| contains preliminary lemmas of a more elementary nature, while
Section |3| contains the lemmas which stem from exponential sums. Then
Section [ Section [5 and Section [6] give the proofs of Theorem [I, Theorem
2, and Theorem [3] respectively.

2 Basic Preliminaries

In this section and the next, we give the preliminary lemmas that are needed
in the proofs of the theorems. In this section, we give the lemmas which we
either quote from other sources or can prove without techniques involving
either algebraic geometry or exponential sums.

Throughout this article, p is considered to be a fixed prime with p > ki.
The majority of our work will involve solving congruences modulo p. There-
fore, we will always consider variables and coefficients modulo p. So for
example, if we say that a variable x has a nonzero coefficient, we really mean
that it is nonzero modulo p unless we explicitly state otherwise.

aiq
If z; is a variable in the system , then we will call the vector ( : )

ARi
the coefficient vector of x;. When dealing with coefficient vectors, we will
typically only be concerned with whether or not a given coefficient is zero
modulo p. To make this clear, we will use an asterisk (*) to represent a num-
ber that is nonzero modulo p and a dash (—) to represent a number for which

we do not know whether it is zero modulo p. So for example, if we say that

x1 has the coefficient vector ( : ), this means that x; has a zero (modulo p)
coefficient in the degree k; polynomial, a nonzero (modulo p) coefficient in

the degree ko polynomial, and we do not know whether or not the coefficient
of z; in the degree k3 polynomial is zero modulo p.

Our first lemma states that it is sufficient to consider only systems whose
coeflicients have certain desirable properties when considered modulo p.

Lemma 4. Consider the system , where the equations all have different
degrees ky, ..., kgr. We may assume that is normalized as defined in [11)],
in the sense that if all normalized systems have nontrivial solutions, then so



do all non-normalized systems. Suppose that the polynomials in a normalized
system are written in the form

E = fi(xla s >$N) +pgi<xN+1a s 7335)

fori=1,..., R, where x1,...,xN are the variables which appear in at least
one equation with a coefficient not divisible by p. Let r be a number with
R <r <s, and for fixed numbers my,....,mpg_1 withr+1 < m; < ... <
mp_1 < s, define

M1 = {T+1,...,m1}
{m1+17"'7m2}

=
I

MR = {mR_l + 1,...,8}.
Then the following statements are true.

1. If N s the number of variables in which are explicit when 18
reduced modulo p, then one has

2. If q; is the number of variables explicit in the form F; of degree k; after
reducing modulo p, then one has

ry\ 1
> (1 —)—.
q—(‘ 1+ %)%

3. If qi; ts the total number of variables which are explicit in either the

form F; of degree k; or the form F; of degree k; after reducing modulo
p, then one has

qij > <|Mz| + %) k% + <|M]| + %) k:l]

Proof. The fact that we may assume that is p-normalized is stated in [11]
and is a commonly used fact when proving theorems of this type. The first



two numbered statements are the content of [11, Lemma 4].

The third statement is new. To prove it, we use the notation developed
in [I1] without explicitly defining it here. Suppose without loss of generality
that the variables in the polynomials F; and Fj which are explicit modulo p
are 1, ..., T, and consider the new system

/
F' = DbF(pr1,...,prq,, Tg 41, -, Ts),

where b = (by,...,bg) with b; = b; = p~! and by = 1 otherwise. Again using
the notation from [I1], we have O(F’') = pPO(F), where

T T T

Since the system is assumed to be normalized, the normalization process
guarantees that B > 0. Recalling from [11] that ki = K/k; and k; = K /k;,
the third part of the lemma follows. This completes the proof. n

In the proofs of Theorem |2/ and Theorem |3 we will need a slightly gener-
alized definition of the values ¢; and ¢;; given in Lemma g If S is any set of
variables, then we define ¢;(S) to be the number of variables in S which have
a nonzero coefficient in the congruence of degree k;, and define ¢;;(S) to be
the number of variables in S which have a nonzero coefficient in either the
degree k; congruence or the degree k; congruence. The values ¢; and ¢;; in
Lemma 4] can be thought of as ¢;(S) and ¢;;(S), where either S = {z1,...,z,}
or S ={xy,...,xn}.

Once we have a normalized system, the goal in our proofs will be to solve
the system modulo p and then lift that solution of congruences to a p-adic
solution. We do this through the version of Hensel’s lemma below. This is
not the most general version possible, but it suffices for our purposes since
none of the degrees of the equations will be divisible by p. A good exposition
of Hensel’s lemma can be found in [9]

Lemma 5. Consider the system , and suppose that when this system is
reduced modulo p, the resulting system of congruences is

allxlfl 4+ aleﬁ} = 0 (mod p)
. . (2)

am@® + - +apyri = 0 (mod p),
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where each of the variables x1,...,xN appears in at least one of the congru-
ences with a nonzero (modulo p) coefficient. Suppose that (€1, ..., €x) is a so-
lution of this system, and let J be the Jacobian matriz (OF;/0x;)(e1, ..., en).
If J has rank R, then the solution (e1,...,ex) of lifts to a nontrivial

solution of in Q.

One main tool that we will use in our proofs is the idea of making a
contraction of variables. This is simply the idea of setting some variables
equal to multiples of others in a way that creates nice properties. Suppose
that we have a collection of variables, for example x4, ..., xg, with coefficients
ai,...,ag in an equation of degree k. Suppose further that t;,... tg are
integers of Q, such that a;t§ + - -+ + apth = b. We may then contract these
variables to a single new variable T' by setting x; = ¢;T7 for ¢« = 1,... , R.
This new variable will then have coefficient b in this equation. In our proofs,
the main power of contractions will be to allow us to guarantee that certain
nontrivial solutions are in fact nonsingular. For example, suppose that in the
system of congruences (2)), we can set (z1,...,25) = (t1,...,tg) in such a
way that the first R columns of the Jacobian J have rank R. If we then set
x; =tT (i =1,...,R), we obtain a new system of congruences. If we can
solve this new system with 7' # 0 (mod p), then when we trace this solution
back to the original x-variables, the Jacobian will have rank R and we will
be able to use Hensel’s lemma to find a p-adic solution. The following lemma
[T, Lemma 10] allows us to guarantee in many cases that it is possible to
find ¢, ...,tr with this property.

Lemma 6. Consider the matrix

k1—1 k1—1
a11Tq e aleR
B = :
kr—1 kr—1
CLR1I1 e CLRRIR

and assume that ajjass -+ -arg Z0 (mod p). If p > ki — kg + 1, then there
exist integers ty, ..., tr, all relatively prime to p, such that if we set x; = t;x;
for2 < 7 < R and let 1 be any integer relatively prime to p, then det B £ 0
(mod p).

Proof. This lemma is proven in [I1]. We repeat the proof here because in
order to prove Corollary [7| below, we need information from the proof rather
than just the statement of the Lemma.



First note that if we set 9 = tyxq,..., g = tgxy, then we have
det B = ot the=Rip, oo pp)kel det C,

where C' is the matrix

ki—kg ki—kg
ai1 aq,2ty a1,rtp
C — . . :
kR_lfkR kR—lfkR
AR—11 QRr-12ly agr—1,Rtp
aRr.1 aRr.2 ce aRr.R
Since we require xq, to, . .., tg to all be nonzero modulo p, we have det B # 0

(mod p) if and only if det C' # 0 (mod p).

We proceed by induction on R. If R = 1, then det B = anx]l“_l. If a1
and x; are both relatively prime to p, then so is det B. Now suppose that
the statement is true for R = M — 1. We wish to prove that it holds for
R = M. In this situation, we have

alla:lfl_l e alMa:lf\}[_l
B = : : )
-1 -1
aMlxlfM s CLMMiL‘ﬁ}[M
and the matrix C' becomes
ap a oty e ar pthy M
O — . .
tkal—kM tk‘MA—kM
apr—1,1 Gp—1,209 s Gy —1,MUpy
aprra apn 2 ce an M
Now consider the upper left-hand (M — 1) x (M — 1) submatrix of B.
By the inductive hypothesis, choose integers 5, ..., t);—1 all nonzero modulo

p such that the determinant of this matrix is nonzero modulo p whenever
x1 is relatively prime to p. Hence the determinant of the upper left-hand
(M — 1) x (M — 1) submatrix of C' (call this submatrix D) is also nonzero
modulo p. Then we have

ki1—knr

kni—1—kn

an—1,mty,

ap1 Qp2 c0 QM M-—1 ‘ ap M
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and by expanding along the rightmost column we get
det C' = apprdet D + p(tay),

where
p(tM> e Clt?"\/}_kwj + e + CM_lt]k\}/I—lfkj\/j

is a polynomial with no constant term. If ¢y, ..., cp 1 are all divisible by p,
then any value of t;; yields

det C' = apyprdet D # 0 (mod p).

If some of the ¢; are nonzero modulo p, then we note that det C' is a polyno-
mial of degree at most ky — kp;. If p—1 > ky — kyy, then det C cannot be
divisible (as a polynomial) by

B = 1= (tar = D){tar —2) - (tar — (p— 1)).

Since the ring (Z/pZ)|t)] has unique factorization, there must be a value for
tar which is nonzero modulo p and for which det C' # 0 (mod p). Therefore
the values we have chosen for to,...,t) ensure that det B # 0 (mod p)
whenever (z1,p) = 1. This completes the proof of the lemma. O

In this proof, note that the acceptable values of t;; are exactly the values
that make a particular polynomial nonzero, and that this polynomial has
degree at most k; — kps. Therefore, this polynomial has at most ki — kjy,
zeros, and there are at least (p — 1) — (k; — kps) values of ¢y, that make
the polynomial nonzero. Then we clearly have the following corollary. The
second statement in the corollary follows from the fact that we may set x;
to be any nonzero value.

Corollary 7. In Lemmal6], there are at least

R

[T (=1t ko)
i=2
ways to choose the numbers to, ..., tr. Hence there are

bl (= 1) = (b = k)

=2

R-tuples (x1,...,xR) that lead to a new variable T with the nonsingularity
property discussed before the statement of Lemma [0
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Our final two results in this section provide a bound on how many vari-
ables are required to solve certain systems of congruences. Our first lemma
is essentially [16, Lemma 8§].

Lemma 8. Suppose that p > k*. If ajasaz Z 0 (mod p), then the congruence
a % 4 aoxh 4+ azxk = b (mod p)
has a solution with x1x2x3 # 0 (mod p).

In [16], Meir adds the condition that p = 1 (mod k), but it is easy to see
that this is not needed. If p # 1 (mod k), let d = ged(k,p — 1). Then we
have p > d* and p = 1 (mod d). Thus the lemma holds for an equation of
degree d. However, the set of d-th powers modulo p is identical to the set of
k-th powers modulo p, and so the lemma must also hold for degree k.

Our last lemma in this section allows us to solve systems of congruences.
We will use this in the proof of Theorem [3 The idea of the proof has been
used a number of times before, for example in the proof of the Leep-Schmidt
bound for I'*(ky, ..., kg) mentioned in the introduction.

Lemma 9. Suppose that ky > -+ > kg are positive integers and that p > ki.
Then the system

anxlfl 4+ ale]]“\} = 0 (mod p)
. . (3)

ap 2" 4 -+ apyti® = 0 (mod p)
has a nontrivial solution whenever N > 3.

Proof. We proceed by induction on R. If R = 1 then we are done by Lemma
B Suppose now that the lemma is true when the number of equations in
the system is R — 1. If we actually have N > 3% then set z; = 0 for
all i > 3% Now, for j = 0,1,...,3% " — 1, consider the set of variables
{x3j+1, T3j42, T3543}. For each set, we can nontrivially solve the congruence

kr kr kr _—
AR 3123541 T QrgjraTajia T 0najpatsls =0 (mod p).

If the solution we have found is (es;y1, €342, €35+3), then we contract these
variables and set x3;4; = €3;4,1; for each ¢ € {1,2,3}. This results in a
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system of R—1 congruences in the variables Ty, . .., T5r—1_; with the property
that any nontrivial solution of this new system yields a nontrivial solution
of (3) when traced back to the z-variables. Since this system has 37!
variables, the inductive hypothesis implies that it does have a nontrivial
solution, completing the proof. O

Remark 10. We note that in the proof of Lemma @, the condition that p > k{
was only used to guarantee that for each degree k;, any congruence of the
form a; 2% + apxhi 4 aszh’ = 0 (mod p) has a nontrivial solution. It may well
be possible (depending on the values of the k;) that this congruence condition
holds for smaller primes.

3 More Preliminaries

In this section, we prove more preliminary lemmas, which are related in
that the proofs all come from either algebraic geometry or the theory of
exponential sums. Our first lemma in this section is certainly well-known,
but we have not seen a proof in the literature, although we have found proofs
of nearly identical theorems on the internet (see for example the answers to

7).

Lemma 11. Let p be a prime and f be a polynomial f = ayx¥ + agxh + azxk,
where pt k and p { ayasas. Then f is absolutely irreducible over IF,. That is,
f 1s wrreducible in any algebraic extension of IF,.

Proof. 1t is enough to consider f over the field E, the algebraic closure of

F,. In this field, since the equation f = 0 defines a projective curve, if

f is reducible, then the partial derivatives have a common projective zero.
of

However, for each i, we have B = kaixf’l. Since p t ka;, the only way to

have g—i =0 isif x; = 0. So the only common zero of the partial derivatives
is (0,0,0), but this is not a projective point. O]

For the rest of the proofs in this section we will need the following lemma
about the number of zeros of a single additive form modulo p. The statement
of this lemma is [15, Theorem 6.36], specialized to the situation where the
congruence is homogeneous. The formula for M (d) is equation (6.12) of [15],
and appears shortly after Theorem 6.36.
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Lemma 12. The number Z of solutions of the diagonal equation ayaxh+-- -+
asx® =0 (mod p) satisfies

|Z —p* | < M(d)(p — 1)p"* 27,

where d = ged(k,p — 1) and M (d) is given by the formula

M(d) = (-1 +> (=) Y dh

1< <t << <5

Lemma 13. Suppose that k and n are positive integers with k # n and
consider a system of two polynomials

k k k
fe = azy] + awy + aswy

fn = 6127? + bgfﬁg + bgl'g

Assume that p > max{k* n*} and that the coefficients by, by, by are all nonzero
modulo p. Further, assume that at least one of the coefficients aq, as,az is
nonzero modulo p. Then it is possible to find values of By, Bs, B3 so that

Ju(B1; B2, 83) = 0 (mod p) and fi(P1, 2, B3) # 0 (mod p).

Proof. We know from Lemma (11| that f,, is absolutely irreducible. If n > k,
then clearly f, t fr. Also, if & > n, then f, 1 fr because either f; only
involves at most two variables or else f; involves three variables and is ab-
solutely irreducible. Also, since f, is absolutely irreducible, no absolutely
irreducible factor of fj can divide f,,. Consequently, f, and f, do not share
any absolutely irreducible factors. Now, because the equations f, = 0 and
fn = 0 both define projective curves, Bezout’s theorem says that these curves
intersect in at most k- n distinct projective points. Therefore, the number of
affine points of intersection is at most (p — 1)kn+ 1. Hence we will be done if
we can show that the equation f,, =0 (mod p) has more than (p — 1)kn + 1
solutions, since there must then be at least one solution of f,, = 0 (mod p)
that is not a solution of both equations.

Let Z be the number of solutions of f, =0 (mod p). Then from Lemma
12l we know that

1Z —p?| < (d® = 3d+2)(p— 1)p"? < (n® = 3n +2)(p — 1)p"/?,

13



where d = ged(n, p — 1). This implies that
Z>p*—(n*=3n+2)(p—1)p'*
So we will be done if we can prove that
= =3n+2)p—1)p"?* > (p—1)kn+1.
Suppose that m = max{k,n}. Then it suffices to prove that
P’ = (m* =3m+2)(p— 1)p'/? > (p— 1)m? + 1.

Some algebra shows that this is true if and only if

1/2>m2—3m+2+\/(m2—3m+2)2+4m2—4
5 :

p
Squaring, we will be finished if we can show that

(m2 — 3m +2)2 + 2m? — 2

>
p 2

(m? —3m+2)y/(m2 —3m+2)2+4m? — 4

* 2

However, since m > 2, we have the inequalities

(m*—=3m+2)>+2m*> -2 < m'
m?—3m+2 < m’
(m? —3m+2)* +4m* —4 < m

Inserting these inequalities into the right-hand side of , we can see that
the right-hand side of is strictly less than m?*, completing the proof. [

Lemma 14. Consider the system of polynomials

arzy + asxh + azxh 0 (mod p)
bixl + baxl + bgah 0 (mod p),

(5)
where k > n and ay,bi, by, by £ 0 (mod p). If p > k*, then we can find a
solution of the degree n congruence with x1 Z 0 (mod p) and with x5 = txy,

where t is a number satisfying the properties in Lemma [0
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Proof. To begin, we bound the number of solutions of the degree n con-
gruence that do not have the stated property. First, suppose that z; # 0
(mod p), and note that there are p — 1 such values. As we have seen in the
proof of Lemmal [0}, there are at most k — n values of ¢ which do not have the
required property. If we set xo = txy, where t is one of these bad values, then
there is only one possible value of z% which solves the degree n equation,
and hence there are at most ged(p — 1,n) values of x3. This gives a total of
at most (p — 1)(k —n) - ged(p — 1,n) “bad” solutions with z; Z 0 (mod p).
On the other hand, if ;1 =0 (mod p) in a solution, then either z5 = x3 =0
(mod p), or else x9 Z 0 (mod p) and there are at most ged(p — 1,n) values
of x3 which yield a solution. Hence, the number of “bad” solutions of the
degree n congruence is at most

(p—1)(k—n)-ged(p—1,n) + 14 (p—1) - ged(p — 1,n)
=(p—-1)(k—n+1)-ged(p—1,n)+ 1.

Next, let Z be the total number of solutions of the degree n congruence.
By Lemma [12] we have

1Z —p?| < (n® = 3n+2)(p — 1)p"/2

Hence we have
Z>p*—(n*=3n+2)(p—1)p">

If the right-hand side of this expression is greater than the maximum possible
number of “bad” solutions, then there must be a solution with the required
properties. So we are finished if we have

pPP=(m*=3n+2)(p—1p"* 21+ [(p—1)(k—n+1)-ged(p—1,n) +1].
That is, we are done if we have
PP>m=3n+2)(p-1p?+ -1k —n+1)-ged(p—1,n) +2.

If it happens that n = 1 or n = 2, then n? — 3n + 2 = 0, and we only
need to have

pPP>p-1)(k—n+1) ged(p—1,n) +2.
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Since we have

p—1)(k—n—1)-ged(p—1,n) +2 p—1k—n+1)n+2
(p—1k* +2
= pk*—k*+2

pk?,

<
<

A

it is enough to have p? > pk?, or in other words p > k%. The hypothesis
p > k* certainly suffices in this case.

Now suppose that n > 3. For these values, it suffices to show that
P—1>n?=3n+2)p—1p"?+(p-1)k—n+1)n+1,
and after dividing both sides by p — 1, we can see that it is enough to have
p>n?p 2+ n(k —n+1). (6)

To show that this holds, write n = mk for some m with 0 < m < 1. Then
the right-hand side of @ becomes

m2k2pY? 4 mk(k(1 —m) + 1) < m?k*p'? + 2mk2(1 — m).
Since p > k*, it suffices to show that
/% > m*pY? 4 2m(1 — m).
But this is equivalent to having

12 2

P _m+17

which is clearly true since p > k*. This completes the proof of the lemma.

[]

Lemma 15. Suppose that the system contains R = 3 congruences. If
we can find 8 variables satisfying the hypotheses of Lemma[6, then we can
contract them to a variable T such that any solution of with T # 0
(mod p) will be nonsingular when traced back to the original z-variables.
Moreover, we can guarantee that T has a nonzero coefficient in the degree k;
congruence.
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Proof. The fact that it is possible to create the variable 7' comes from the
conclusion of Lemma [l We need to show now that we can do so in such a
way that T has a nonzero coefficient in the degree k; congruence.

Let Z be the number of zeros of the degree k; congruence. By Lemma
12, we know that

|Z =% < (K = 3k +2)(p — 1)p'?,
which implies that
Z <p*+ (ki — 3k +2)(p — 1)p'/2.
We also know from Lemma [7] that there are at least
(p—=1—hi+k)(p—1—ki+ks)

ways to choose t; and t3 when creating T'. If T" has a zero coefficient in the
degree ki congruence, then any nonzero value of T yields a solution of this
congruence when traced back to the xz-variables. If this is true for all possible
ways to create T', then we find that there are at least

(p—1D)p—1—ki+ko)(p—1—k+ks)

solutions of the degree k; congruence. Therefore, we are done if we can prove
that

(p— 1)(}?— 1 —k1+l€2)(p— 1 —k1+l€3) > p2—|— (k)% —3/{31 +2)(p— 1)]91/2. (7)

Now, it is not hard to see that the left-hand side of is strictly greater than
(p — k1)? and that the right-hand side of @ is strictly less than p? + k?p3/2.
Therefore it suffices to show that

(p = k1)* > p? + Kp*2.
This is obviously true if and only if we have
(p = k1)* = p* = k"% > 0.

If k1 = 3, then this is true for all p > 11. For k; > 4, trivial algebra shows
that it is sufficient to prove that

(p3 — (3ky + 1)p* — k%p3/2> + <3k:fp — k:i’) > 0.

17



We will show that both of the terms in large parentheses are positive. First,
we have

PP — 3k + D)p* — k32 > p® — (k2 + 3k, + 1)p?
> pP— 2kfp2
= pip—2k}).

This final expression is positive since p > k. Also, since p > ki, we clearly
have 3k?p — k3 > 0. This completes the proof of the lemma. O

Lemma 16. Consider the system of congruences

flx) = @137lf +a2x§+---—|—a8x’§

= (mod p)
g(x) = bal +boah+ - +bgxf =

0
0 (mod p), (®)
where k > n and we assume that every coefficient is nonzero (modulo p).
Suppose that p > k* and select any desired variable. Then there is a solution

of in which the selected variable is nonzero.

Proof. In this proof, we broadly follow the ideas in the proof of [I8, Lemma
9]. Without loss of generality, suppose that the selected variable is zg. Let N
represent the total number of solutions of , and let M represent the total
number of solutions with g = 0 (mod p). We want to show that N > M.
To do this, we will estimate both N and M by using exponential sums. For
a prime p and any number z, we write e,(z) to mean

e,(x) = exp(2miz/p).

Then it is well-known that

1 p—1 p—1
N=— ep(af(x) + Bg(x)).
p xeF§ a=0 g=0
If we define
p—1
Ti(o, B) = Z ep(aajxf + Bb;z’),
;=0

then we have

18



p—1
pQN: Z T1<0476)"'T8(0576)

a,B=0
p—1 (9>
:p8+ Z Tl(avﬁ)"'TE%(aaﬂ)'
a,B=0
(e,8)#(0,0)

For ease of notation, we define ). ; by

p—1
S s = Y fla.p)
o (a3 20.0)

With this new notation, we see that @ implies that

PN =% <Y ITi(e, B)| - | Tis(a, B)). (10)
a,B

Applying Holder’s inequality to the right-hand side of , we find that

1/8 1/8
[P’ N —p®| < (Z*ITl(Oé,B)!8> (Z*|Ts(a,ﬁ)lg> :
B

a75

Choose I so that the sum Y77 ;|Ti(, §)|® is as large as possible. Then we
have

PN =% <Y 1 Ti(a, B)°
o,B

g( sup rn(a,m\) ST, B (11)
o,

(er,8)7#(0,0)

Finally, we bound this last expression. By work of Wooley (see [I8, Lemma
7]), we have

> T, B)[* < knp, (12)

a,8=0
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This yields

Z*lTI(a76)|4 = (Z |T](O./,ﬁ)|4> _p4 < (kn - 1)]?4-

anB 06,6:0

Also, by the Riemann Hypothesis for finite fields (see for example [17, Chap-
ter 2, Corollary 2.1]), we have

sup  |Ty(a, B)| < (k= 1)p'/2. (13)
(@.8)2(0.0)

Using these bounds, we obtain

PN = | < [(k = D)p?]" - (kn — 1)p*
— (k= 1) (kn — 1)p°
This gives us the lower bound
N >p® — (k- 1D*kn — 1)p*. (14)

Now we need to find an upper bound for M. Note that solving with
xg =0 (mod p) is the same thing as solving the system

0 (mod p)
0 (mod p).

ff(x) = aaf +agah 4+ -+ agab

1
g (x) = bia] + bzl + - - + bral (15)

If M is the number of solutions of this system, then we proceed exactly as
before to obtain

M | < ITi(e, B)] - [ Tr(a, B)]

< Ty, BN
a,B

S sup |TJ |TJ ’
((mﬁ)#(O,O) Z

where J is chosen such that > s | Tl B)|" is as large as possible. Using
the estimates and , we ﬁnd that

PPM = pT| < [(k = 1)p2) - (kn — 1)p*
= (k—1)%(kn — 1)p*/2.
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This yields the upper bound
M < p° 4 (k—1)3(kn — 1)p"/2. (16)
From and , we see that if we can show that
= (k—1)*kn—1)p* > p° + (k— 1)3(kn — 1)p™?, (17)

then it will follow that N > M, completing the proof. It suffices to show
that
P2 —(k=1*kn—1)p? = p*? — (k= 1)3(kn—1) > 0.

Now, suppose that p > k* > n*. It follows that k—1 < p'/* and kn—1 < p'/2.
Therefore, we have

% — (k= 1)*(kn — 1)p'/? — p*% — (k — 1)3(kn — 1)
S P2 P M2 P

Hence it suffices to show that
P2 P2 Pl s, (18)
Since p? > p*/2 > p®/4, will be true whenever
p*/? —3p* >0, (19)

and it is easy to see that is true whenever p'/? > 3, i.e., whenever p > 9.
However, since k& > n > 1, we know that £ > 2, and so p > k* > 16. This
completes the proof of the lemma. n

4 Proof of Theorem [1I

In this section, we give the proof of our first result, that for a system of two
equations of degrees k and n, with k£ > n, having s > 2k 4+ 6n + 1 variables
guarantees a nontrivial p-adic solution when p > k*.

Suppose that the system

azh +agxh + - +aat = 0

byz] + boxhy + -+ bzl = 0 (20)
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has exactly s = 2k 4 6n + 1 variables. (If there are more variables than this,
then we set the extra variables equal to zero.) By Lemma 4| with » = 2 and
|M,| = 2k, we may assume that

r 1 1
> (1m —) —924 -
o > (| l+3) 7 +k
1

@ > <S—|M1|—r+ ) — =
n

r 1 r 1 1
> ).z — — ). = .
N > <|M1|+2> k—l—(s M, 7‘+2> ~ =8+

Since these values must all be integers, we obtain

3
6
9.

q1

q2
N

AVARAVARLYS

By renaming the variables if necessary, we may assume that xq,...,zy are
the variables with at least one coefficient nonzero modulo p. We need to find
a nonsingular solution of the system

(mod p)
(mod p).

a1zt + agah + -+ anh
b1t + boxy + -+ - + by

0
; (21)

We now divide the proof into two cases.

Case A: There are at least 3 variables with coefficient vector ;

Pick three variables whose coefficient vectors have this form and rename them
x1, Tz, and xz. Since ¢y > 6, three of the remaining variables, which we label
as x4, 5, and g, have coefficient vector ; . Set all other variables equal

to zero. The system (21) now looks like

ax + agrh + azrh + gk + asaf + agxt =0 (mod p)
by} + bsaxl + bexg =0 (mod p),

where we know that ay, as, as, by, bs,bs Z 0 (mod p). Since p > k*, by Lemma
8 we can solve the bottom congruence with all three variables nonzero modulo
p. After doing this, the degree k congruence takes the form

a1 ¥ + agah +asrt = A (mod p)
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for some number A. Again, Lemma(§|allows us to solve this equation with all
three variables nonzero modulo p. We have now found a nontrivial solution
of the system and since 1,24 # 0 (mod p), these two variables make
the solution nonsingular. Thus we can find a solution to the original system

by Lemma

Case B: There are fewer than 3 variables with coefficient vector ;

Suppose there are ¢ such variables, and label them as yy,...,y, (if t = 0,
then this does not result in any variables getting labels). Since ¢; > 3, there
are at least 3 — t variables with coefficient vector ( I ) Pick 3 —t of these
and for i = 1,...,3 —t, label them as x3(;_1);1. The remaining (at least 6)

variables all have coefficient vector < ; . Pick 2(3 — t) of these variables

and label them as x3(;_1)42, T3(—1)43 for i =1,...,3 — .

Now, we examine the system of congruences

arx¥ + apak + azxk

blilf? + bgl'g + bg.fg

(mod p)

0
0 (mod p).

Here, we know that ay, by, bs, b3 Z 0 (mod p). By Lemma , there exists a
number t, such that we can solve the congruence

b1z} + baxy + bsxy =0  (mod p) (22)

with all three variables nonzero and with zo = tyx7, where the number ¢, sat-
isfies the conclusion of Lemma @ Suppose that this solution is (z1, za, x3) =
(€1, €2, €3). If it happens that a;€} + aseh + azes = 0 (mod p), then setting all
other variables equal to zero gives a nonsingular solution of the system ,
and we are done. Otherwise, we set (1, xs,x3) = (€171, €211, €3T1), where Ty
is a new variable. We note that any value of T3 leads to a solution of ,
that T} has a nonzero coefficient in the degree k congruence, and that any
solution of the system with 77 # 0 (mod p) will be nonsingular when
traced back to the x-variables. (We acknowledge that we are abusing nota-
tion a bit by referring to the system here even though we have really
created a new system with our contraction. We trust that this will not cause
the reader any confusion.) If 3 —¢ > 2, then we repeat this argument with
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the variables x4, x5, rg, obtaining a new variable T,. If 3 — ¢t = 3, then we
repeat it again with x7, xg, x9, obtaining a new variable Tj.

At this point, we have a total of 3 variables labeled as either T} or y; for
some 7, and at least one of these is a T-variable. Moreover, all three of these

variables have coefficient vector ( 0 ) Using these three variables, we can

solve the degree k congruence with all variables nonzero. When traced back
to the xz-variables, this is a solution of the system (21]), and since a T-variable
is nonzero, this solution is nonsingular. This completes the proof of Case B,
and hence completes the proof of Theorem [I}

5 Proof of Theorem 2

In this section, we give the proof of Theorem [2| that if ky > ky > k3 and
p > ki, then we have '} (ky, ko, ks) < 2k + 14Ky + 15ks + 1.

Suppose that the system

ala:]fl + w’;l +tagah = 0
biah? + boak? 4. 4 bt = 0 (23)
arh ekt 4o et = 0

has exactly s = 2k; + 14ky + 15k3 + 1 variables. By Lemma [ with r = 4,
|Mi| = 2k; — 1, |[My| = 14ky — 1, and |M3| = 15k3 — 1, and noting that
q1,Q2, q3, Qo3 are all integers, we may assume that

@ = 3
@ = 15
g3 = 16
q23 > 30.
If z1,...,xn are the variables with at least one coefficient nonzero modulo

p, then we need to find a nonsingular solution of the system

fi(x) = a2t + agxh 4+ +aya¥ = 0 (mod p)
fo(x) = blx’f2 + b2x§2 + -+ bNx’f\? = 0 (mod p) (24)
f3(x) = a1z + s’ + -+ eyl = 0 (mod p).
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Again, we divide the proof into several cases. As with the proof of Theorem
1, the first case is simple. Unfortunately, the second case is more involved,
requiring a number of subcases.

Case A: There are at least 3 variables with coeflicient vector (é)

Choose three variables with this coefficient vector and label them as x1, x5, 3.
Note that these variables do not contribute to any of the numbers ¢o, g3,
or ¢o3. Therefore we can find an additional set S of variables such that
02(S) > 3, ¢3(S) > 6, and ¢23(S) > 9. (Recall from the discussion after the
proof of Lemma {| that for a set S of variables, ¢;(S) represents the number
of variables in S that have a nonzero coefficient in the degree k; congruence,
and ¢;;(S) has a similar definition.) By (the proof of) Theorem [I] we can
find a nonsingular solution of fy(x) = f3(x) = 0 (mod p) using only the
variables in S. After finding this solution, set all variables other than zy,
Z9, T3, and the variables in S equal to zero. Then the degree ko and degree
ks congruences will be zero for any values of x1, 29, x3, and the degree k;
congruence becomes

ay it + aorh + azat = A (mod p)

for some number A. Since p > ki, we can solve this congruence with all
three variables nonzero. This gives a solution of fi(x) = fa(x) = f3(x) =0
(mod p), and this solution is nonsingular. Therefore, this solution lifts to a
p-adic solution, completing the proof in this case.

Case B: There are fewer than 3 variables with coefficient vector %).

The proof of this case is similar to the proof of Case B of Theorem [1} Pick 3
variables which have a nonzero coefficient in f;(x), and call them z1, xo, 3.
We now need to prove the following claim.

Claim. In the situation above, we can divide the variables into pairwise dis-
joint sets Sy, Sa,S3 such that for i = 1,2,3, we have x; € S; and such that
i each set, we have

@(S;) >
%(Sl) Z )
q23(S;) > 10.



Proof of Claim. We will see how to choose the sets 5;. First, obviously, we
add each z; to S;. Next note that since g3 > 30, if we can guarantee that
each ¢3(5;) > 5 and ¢3(S;) > 5, while using at most 10 variables in each set,
then we can “fill up” each set to 10 variables by using variables counted by
(23, thus ensuring that go3(S;) > 10. Hence, we will only worry about the
conditions on ¢(.5;) and ¢3(.5;).

Let o be the number of variables in the set {z1,xq,x3} with coefficient

vector either (;) or (;) Similarly, let o be the number of these variables

*

with coefficient vector <E§>’ let o3 be the number of these variables with co-
efficient vector (é) , and 093 be the number of these variables with coefficient

vector (Z) Note that we have 0 = g9 + 03 4+ 093, and 1 < ¢ < 3. Since
g3 > 30, we still have 27 < 30 — o < 29 variables whose coefficient vector
is not g) That is, there are 30 — ¢ variables with a nonzero coefficient in
either the 2nd or 3rd equation. Write 0 for the number of these variables
whose coefficient vector is (i),

Suppose first that § > 15 — 093. Then we can add 15 — 093 of these vari-
ables to the sets S; in such a way that each set has 5 variables with coefficient

vector ( x ) This guarantees that ¢2(.S;), ¢3(S;) > 5 for each i. At this point,

*

each set contains at most 6 variables, and so we are done by the remarks at
the beginning of the proof.

Next, suppose that 6 < 12. Distribute the variables with coefficient vec-
tor 5 as equally as possible among the sets. At this point, each set has
q2(S;), g3(S;) < 5. Since there are g — 0 — 09 — 093 > 15— (0 + 09 + 093) TE-
maining variables with coefficient vector (g), we can add enough variables

of this type to each set to guarantee that ¢o(S;) = 5 for each set. Similarly,
we have q3 — 0 — 03 — 093 > 16 — (§ + 03 + 093) variables remaining with

coefficient vector <5 ) Since we currently have ¢3(S;) < 5 for each 7, we can

*

add enough variables of this type to each set so that we have ¢3(S;) = 5 for
each set. At this point, each set has ¢2(.S;) = ¢3(5;) = 5, and has at most 10
variables in total. Hence we are done by the remarks at the beginning of the
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proof.

This leaves possible cases with 0 = 14 and 0 = 13. Suppose first that
0 = 14. Then we may assume that 093 = 0. Let T" be the set of variables
not counted by either o or §. Then all the variables in T" have a coefficient

vector of either (g) or (6). If T contains variables of both types, then

we may partition the variables counted by ¢ into three groups of 5, 5, and 4
variables, and add them to Si, S», and Ss, respectively. Then we either have
q2(53) = 4 and ¢3(S3) = 5, or we have ¢5(S3) = 5 and ¢3(S3) = 4. In either
case, we may add a single variable from 7" to guarantee that the conditions
on ¢2(S3) and ¢3(S3) are satisfied. As before, we are done by the remarks at
the beginning of the proof.

If 9 = 14 and the set T contains only variables of coefficient vector (g),

then since g3 > 16, we must have o3 > 2. Suppose without loss of generality
that S35 contains a variable counted by o3. Partition the variables counted by
0 into three sets of sizes 5, 5, and 4, and add them to Sy, Sy, and S5, mak-
ing sure that the 4-variable block is added to S3. Then we have ¢,(S3) = 4
and ¢3(S3) = 5. Adding one variable from T" to S3 now guarantees that for
each set, the conditions on ¢y(S;) and ¢3(S;) are satisfied, and we can finish
as before. On the other hand, if T" contains only variables with coefficient

vector (5), then since ¢o > 15, we must have oo > 1. Suppose that S

*

contains a variable counted by 3. When we add the variables counted by 4,
we again mandate that the 4-variable block of the partition is added to Ss.
As before, we may then add a variable from T to S5, guaranteeing that all
the conditions on each ¢2(.S;) and ¢3(S;) are satisfied, and finish as before.

Finally, we have the case § = 13. This case can be handled in essentially
the same way as the 6 = 14 case. This time, we either have o935 = 0 or

093 = 1. If T contains at least two variables of each coefficient class (g

and (5 >, then we proceed as in the 6 = 14 case. The situation in which T

*

has at most one variable of one of the two types can also be treated as above
by partitioning the variables counted by ¢ into blocks of sizes 5, 4, and 4,
and being careful about putting the 4-variable blocks into appropriate sets.
We omit the details. O]
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Now that the claim is proved, we can finish the proof of Case B. For
1 = 1,2,3, if it happens that z; has coefficient vector <§>, then we set
x; = U;. Otherwise, we will show that using the variables in S;, we can cre-
ate a new variable U; such that U; has coefficient vector ( 6) and also has the

property that any solution of the system with U; # O0 (mod p) is nonsin-
gular when traced back to the z-variables. Assume for the moment that this
has already been done. If U; actually has coefficient vector <§>, then setting
all other variables equal to zero gives a nonsingular solution of , and we

are finished. Hence we will always assume that U; has coefficient vector (8

Once we create the U-variables, we set any z-variables that we have
not yet used equal to 0. Then as in the proof of Case A, we will have
fo(x) = f3(x) = 0 (mod p) regardless of the values of Uy, Us, Us, and the
degree k; congruence looks like

AU + AU + AU = A (mod p)

for some numbers A, Ay, A3z, A. Since p > ki, we can solve this final con-
gruence with all of the U; nonzero, and at least one of these nonzero values
guarantees that this solution is nonsingular, leading to a p-adic solution. It
remains to show that the required variables U; can always be constructed.

We construct the variables U; in the following manner. Let S be one of
the sets S;. Among the variables in .S, we can find one that has a nonzero
coefficient in f;(x), another that has a nonzero coefficient in f5(x), and a third
that has a nonzero coefficient in f3(x). By Lemma [15] we can contract these

to a variable T that has coefficient vector (;) and has the property that

any solution of with " # 0 (mod p) must be nonsingular when traced
back to the x-variables. Clearly, any variable made through a contraction
using 71" also has this property. Thus, it remains to show that we can use
T in a contraction of variables resulting in a new variable U with coefficient

vector < 0 )
0

For this, we need to split the proof up into several cases. Let S* be the
set containing the z-variables in S that were not used to create 7. Then we
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must have

32(5)
q3(S™)
Q23(S*)

AVARAVARLY,

Case B.1: T has coefficient vector <§>

In this case we simply set U = T', and we are done.

Case B.2: T has coefficient vector <§>

We split this case into subcases as follows.
Case B.2.a: There are at least two variables in S* with coefficient vector

*
0

Call these two variables y; and y, and set all other variables in S* equal to
0. Then the variables T, y;, y> have coefficient vectors

3)-(G)-(3)

respectively. We can solve the degree ky congruence with all three of these
variables nonzero, and by Lemma [13] we can do this in a way that is not a
solution of the degree k; congruence. Thus we can contract 7', 41, y» to a new

variable U with coefficient vector (é), as desired.

Case B.2.b: At most one variable in S* has coefficient vector (g)
Among the variables in S*, we have at least one with coefficient vector (5)
and at least five additional variables with coefficient vector <:> If there

are two with coefficient vector <; >, then we can make two groups of three

variables each, with coefficient vectors

(:).(0) () (2)(2)(5)

while if there is only one variable with coefficient vector (i), then we can
make two groups of three variables each, with coefficient vectors

(:).()- () e (2).(2)(5)
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In the first three of these groups, we can solve the degree k3 congruence in
such a way that the degree ko polynomial is nonzero. If we are in a situa-
tion where the last group exists, then we do actually have a variable with

coefficient vector <g> Using the variables in this last group, we can solve
the degree k3 congruence. If that solution happens to make the degree ko
congruence equal 0, then we add the variable of coefficient vector ( g) to the

group and set it equal to 1. This gives a solution of the degree k3 congruence
which is not a solution of the degree ky congruence.

Using these solutions, we can form contractions to make two variables T}
and Ty with coefficient vector (g) Then, using the variables T', T3, and

Ty, we can solve the degree ky congruence with all three variables nonzero
and such that the degree ki congruence is also nonzero. Then these three

variables contract to a new variable U with coefficient vector <§>, as desired.
This completes the proof of Case B.2.

Case B.3: T has coefficient vector (3)

The proof of this case proceeds exactly like the proof of Case B.2, switching
the roles of the degree ky and degree k3 congruences. So for example, Case
B.3.a would be the case in which there are at least two variables in S* with
coefficient vector (6 . We omit the rest of the details of this case.

*

Case B.4: T has coefficient vector <Z>
Again, we split this case into several subcases.

Case B.4.a: The set S* contains two variables with coeflicient vector (g)

Since g3(S*) > 2, we can find a set of three variables which includes 7" such
that all have nonzero coefficients in f3(x). Then we can use these three vari-
ables to find a solution of f3(x) =0 (mod p) in which all three variables are
nonzero and which is also not a solution of the degree ky congruence. These
variables can then be contacted to a new variable 7™ with coefficient vector

g . Using T™ and two other variables with this same coefficient vector, we

can solve the congruence fo(x) = 0 (mod p). Then these variables contract

. . . * .
to a new variable U with coefficient vector 8), as desired.
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Case B.4.b: The set S* contains two variables with coefficient vector (5)

*
In this case, we proceed in the same manner as in the proof of Case B.4.a,
with the roles of the degree ko and degree k3 congruences interchanged. We
omit the details.

Case B.4.c: We are not in any of the other cases.
If none of the other cases apply, then we have at most 1 variable with co-

efficient vector (g and at most 1 with coefficient vector (6 ) Therefore,

*

there are at least 5 variables with coefficient vector (5)

Subcase B.4.c.1: There is a variable in S* with coefficient vector (g
Call this variable y. We can find a set of six variables, which includes T,
all of which have coefficient vector (¥> Divide these into two subsets of

*

three variables each. In each subset, we can solve the congruence f3(x) =0
(mod p) with all three variables nonzero, and do it in such a way that
fa(x) # 0 (mod p). Contracting the variables in each subset, we can cre-

ate two new variables 77 and T, with coefficient vector <g> With these

variables and y, we can solve the congruence fo(x) =0 (mod p). Using this
solution, we can contract 77, Ts, y to a new variable U with coefficient vector

<§) , as desired.

*

The proof of this subcase proceeds in the same manner as the previous sub-
case, with the roles of fy and f3 interchanged. We omit the details.

Subcase B.4.c.2: There is a variable in S* with coefficient vector (6 )

Subcase B.4.c.3: Every variable in S* has coefficient vector <£>
In this case, we have (including T'), eight variables with coefficient vector
<£ ) . By Lemma we can use these variables to find a solution of the sys-

tem fo(x) = f3(x) =0 (mod p) in which T'# 0 (mod p). If we contract the
variables used in this solution, we obtain a new variable U with coefficient

vector <§>, as desired. This completes the proof of this final subcase, and
hence completes the proof of Theorem [2]

Remark 17. For use in the proof of Theorem [3]in the next section, we make
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a few comments on this proof. First, we note that although we knew that
g3 > 16 due to normalization, we only used the fact that g3 > 15. Even in
the proof of the claim at the beginning of Case B, we really only needed to
have g3 > 15. The “extra” variable counted by ¢3 came from making s large
enough to guarantee that ¢p3 > 30 in addition to the bounds on the other g;.
Next, we mention that when we made a T-variable in Case B, we assumed as
a worst-cage scenario that the z-variables used to make it all had coefficient
vector z . Thus, if S** represents the set of z-variables remaining after

making a single T-variable, then we have

@(S™) > 2

@(S™) > 12

w(S7) > 12
q3(S™) > 27T

Finally, we note that in our proof, we showed that a T-variable can always
be used in the solution to the system . That is, if T} is one of the T-

variables, then we can find a solution of in which 7; # 0 (mod p). One
consequence of this is that we have shown that (given the conditions on

q1, G2, q3, q23) any specified variable with coefficient vector (;) can be used
with nonzero value in a solution of .

6 Proof of Theorem (3

In this section, we give the proof of Theorem [3] As discussed in the intro-
duction, our goal in this section is to obtain a single bound for F;(kzl, ..., kg)
that works for any number of equations (provided p > k{), and not to find
the smallest possible bound that we can. Our strategy for the proof is slightly
different than in the proofs of Theorem [I] and Theorem 2| In those proofs,
we aimed to produce variables Uy, Us, U3 which had nonzero coefficients in
only the degree k; equation and also so that at least one of them had the
property that a solution with U; Z 0 (mod p) would necessarily lead to a
nonsingular solution of the system of congruences associated with . For
the proof of Theorem [3 we still make U-variables which guarantee nonsin-
gular solutions of congruences, but instead of using them to solve only the
degree ki congruence, we use them to solve the subsystem of congruences
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of degrees ki,ks,...,kr_3. The final three congruences are handled by an
appeal to (the proof of) Theorem

To prove Theorem 3] suppose that s is equal to the bound in the statement
of the theorem. Let r = R+1. For 1 <1i < R—3, set |M;| = (4-3%3—-1)k;—1,
and let

|Mp_o| = (R+1)-3%3 —1)kp o —1
|Mr_1| = (R+14)-3%3 - Dk, — 1
|Mg| = ((R+30)-3%3 —1)kz—1.

By Lemma [4] using these values of r and ||, we may assume that

¢ > i-3%"7%  (1<i<R-3)
qr2 > (R+1)- 3R s
qr-1 2 (R+14)
Suppose that x1,...,ry are the variables that appear with a nonzero

coefficient in at least one of the forms. Then we need to find a nonsingular
solution of the system of congruences

filx) = allle + a12:c”2:1 44 aleg = 0 (mod p)
f2(X) = a9y 27% + A9y + - + Ay Ty = 0 (mod p) (25)
fr(x) = amxl + aRQxl; 44 aRN:E’f\? = 0 (mod p).

Now we make 3773 disjoint sets Si,...,S3r—s of variables as follows.

There are at least 3772 variables with a nonzero coefficient in f;, and we
put one of these into each set. Of the remaining variables, there are still at
least 3%73 which have a nonzero coefficient in f,, and we put one of these
into each set. We repeat this procedure with f3, f4, ..., fr_3. After this, we
still have at least 4 - 3%~3 variables remaining which have nonzero coefficients
in fr_o, and we add four of these to each set. Similarly, we can add an ad-
ditional 13 variables to each set which have nonzero coefficients in fr_;, and
then an additional 16 variables to each set which have nonzero coefficients in

[r
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Let S be one of the sets S;. Using one variable in .S from each stage of the
above procedure, Lemma [6] allows us to make a contraction to a new variable
T having the property that any solution of with 7" # 0 (mod p) will be
nonsingular. If it happens that the coefficient of T" in fr_s is zero, then we
take one of the variables from the fr_ o stage of adding variables to S and
also set that variable equal to T. Then T still has the property that any
solution of with 7" # 0 (mod p) is nonsingular, and also has a nonzero
coefficient in fr_».

Let S* be the set of z-variables remaining in S after the variable 1" is con-
structed, and note that we have gp_2(S*) > 2, qp—1(5*) > 12, qr(S*) > 15,
and qp_1,r(5*) > 27. By the remark after the proof of Theorem , we can
find a solution of the system fr o(x) = fr_1(x) = fr(x) = 0 (mod p) in
which 7" # 0 (mod p). Then the variables used in this solution can be con-
tracted to a new variable U. This variable has the property that any solution
of with U # 0 (mod p) is nonsingular and also the property that any
value of U provides a solution of fr_9(x) = fr_1(x) = fr(x) =0 (mod p).

If we apply this procedure to all the sets S;, i = 1,...,3%73, then we
obtain variables U;, i = 1,...,3% 3 with the properties in the preceding
paragraph. By Lemma [9] we can use these variables to find a nontrivial
solution of the system fi(x) = -+ = fr_3(x) = 0 (mod p). The properties
of the U; guarantee that this yields a solution of . Since at least one of
the U; is nonzero, this solution of is nonsingular when traced back to
the original xz-variables. This solution lifts to a p-adic solution by Hensel’s
lemma, completing the proof of the theorem.
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